Abstract. We show that a linearly ordered topological space is initially λ-compact if and only if it is λ-bounded, that is, every set of cardinality ≤ λ has compact closure. As a consequence, every product of initially λ-compact linearly ordered topological spaces is initially λ-compact.
Theorem. For every infinite cardinal λ, and every GO space X, the following conditions are equivalent.
(1) X is initially λ-compact.
(2) X is weakly initially λ-compact, that is, every open cover of X by at most λ sets has a finite subcollection with dense union. (3) For every infinite (equivalently, every infinite regular) cardinal ν ≤ λ, and every family (O γ ) γ<ν of ν open nonempty sets of X, there is x ∈ X such that |{γ < ν | O γ ∩ U = ∅}| = ν, for every neighborhood U of x.
In the above condition we can equivalently ask either that the O γ 's are pairwise disjoint, or that
For every infinite regular cardinal ν ≤ λ, and every strictly increasing (resp., strictly decreasing) ν-indexed sequence of elements of X, the sequence has a supremum (resp., an infimum) to which it converges. (5) X is D-compact, for every ultrafilter D over any set of cardinality ≤ λ. (6) X is D-pseudocompact, for every ultrafilter D over any set of cardinality ≤ λ. (7) X is λ-bounded, that is, every subset of cardinality ≤ λ has compact closure.
Proof. We shall first prove the following chain of equivalences:
, where by (3) reg we denote the condition (3) restricted to regular ν's. By the way, notice that the implication (1) ⇒ (4) is trivial, hence the reader interested only in the proof of the equivalence of (1), (4), (5) and (7) could skip the next three passages.
(1) ⇒ (2) is trivial.
(2) ⇒ (3) is known, and true for every topological space. First, we prove here (2) ⇒ (3) reg . Suppose that (2) holds, and that the conclusion of (3) reg fails. Then, since ν is regular, for every x ∈ X we can choose an open neighborhood U x of x and some
δ<ν is an open cover of X by ≤ λ sets, hence, by (2), it has a finite subcollection with dense union, say,
(3) reg ⇒ (4) is easy. Suppose that ν is a regular cardinal, and that (x γ ) γ<ν is, say, a strictly increasing sequence. For γ < ν, define O γ = (x γ , x γ+2 ) = {x ∈ X | x γ < x < x γ+2 }. The O γ 's are open and nonempty, since x γ+1 ∈ O γ . It is immediate to see that the x given by (3) reg is a supremum of (x γ ) γ<ν to which the sequence converges.
If the open sets in (3) reg are required to be disjoint, simply take only the "even" above sets, namely, for γ = α+n, with α = 0 or α limit, let O γ = (x α+2n , x α+2n+2 ).
If the sequence of open sets in (3) reg is required to be ⊆-decreasing,
Thus the proof of (3) reg ⇒ (4) is complete in each case. Next, we concentrate on the proof of (4) ⇒ (5). Suppose that (4) holds, and that D is an ultrafilter over some set I of cardinality ≤ λ. Let (x i ) i∈I be an Iindexed sequence of elements of X: we have to show that (x i ) i∈I D-converges in X. Without loss of generality, we can suppose that, for every x ∈ X, {i ∈ I | x i = x} ∈ D, since, otherwise, clearly (x i ) i∈I D-converges to x, and we are done. Since D is an ultrafilter, and X is linearly ordered, then, for each j ∈ I, either
Suppose that {i ∈ I | x i ∈ L} ∈ D; the other case is treated in a symmetrical way. Notice that L cannot have a maximum: if x j ∈ L, then, by definition, A j = {i ∈ I | x j < x i } ∈ D, and if x j is a maximum for L, this contradicts {i ∈ I | x i ∈ L} ∈ D. Hence L has infinite cofinality ≤ λ, since |L| ≤ |I| ≤ λ. Say, ν is the cofinality of L; thus, we can choose a strictly increasing sequence (x iα ) α<ν cofinal in L. By (4), this sequence has a supremum to which it converges, call it ℓ; in particular, ℓ is also the supremum of L, and every neighborhood of ℓ contains a convex interval of the form (x iα , ℓ], for some α < ν. But this soon implies that (x i ) i∈I D-converges to ℓ; indeed, for every α < ν, {i ∈ I | x i ∈ (x iα , ℓ]} ⊆ A iα ∩ {i ∈ I | x i ∈ L} ∈ D, since D is a filter. The proof of the implication (4) ⇒ (5) is thus complete.
(5) ⇒ (1) is nowadays a well-known standard argument, and, in fact, the implication holds for every topological space. See, e. g., [St, implication (7) in Diagram 3.6].
We have proved the equivalence of (1), (2), (3) reg , (4) and (5). Now notice that (5) ⇒ (6) ⇒ (3) ⇒ (3) reg are trivial: to show (6) ⇒ (3), just consider, for every ν ≤ λ, some uniform ultrafilter over ν.
Finally, the equivalence of (5) and (7) is well-known, and holds for every Hausdorff regular space, [Sa, Theorems 5.3 and 5.4] (recall that it can be proved that every GO space is regular).
Corollary. Suppose that X is a product of topological spaces, and that all factors but at most one are GO spaces. Then X is initially λ-compact if and only if each factor is initially λ-compact.
Proof. One implication is trivial. For the other direction, by the equivalence of (1) and (7) in the Theorem, all but at most one factor are λ-bounded. It is wellknown that a product of regular λ-bounded spaces is still λ-bounded [St, Theorem 5.7 and implications (1) , (1 ′ ) in Diagram 3.6], and that a product of a λ-bounded space with an initially λ-compact space is initially λ-compact [Sa, Theorem 5.2 and implications (1) , (2) By slightly more elaborate arguments, the proof of the implication (4) ⇒ (5) in the above theorem gives the following proposition. Recall that an ultrafilter D over I is ν-decomposable if there is some function f : I → ν such that f −1 (A) ∈ D, for every A ⊂ ν with |A| < ν.
Proposition. Suppose that λ is an infinite cardinal, X is a GO space, and D is an ultrafilter over some set of cardinality ≤ λ. Suppose further that, for every regular cardinal ν ≤ λ, at least one of the following conditions are satisfied:
(1) For every strictly increasing (or strictly decreasing) ν-indexed sequence of elements of X, the sequence has a supremum (or an infimum) to which it converges, or (2) D is not ν-decomposable.
Then X is D-compact.
In particular, X is D-compact if D is µ-complete and X is [µ, λ]-compact.
Recall that an ultrafilter D is µ-complete if every intersection of < µ members of D is still in D. A topological space is [µ, λ]-compact if every open cover by at most λ sets has a subcover by < µ sets. Details shall be presented elsewhere.
